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Sometimes groups can be smart.



If I may be allowed!
FRANCIS GALTON

I can personally attest to the surprising accuracy of
group judgment.
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If I may be allowed!
FRANCIS GALTON

I can personally attest to the surprising accuracy of
group judgment.

I mean, of course...

the ox! 🐂



James Holland. Country Fair.

COUNTRY MATTERS

A weight-judging competition was carried on at
the annual show of the West of England Fat Stock
and Poultry Exhibition, in Plymouth, in 1907.

Competitors would try to guess the weight of an
ox that had been slaughtered and laid out in the
market.

Guesses would be submitted on paper tickets.

Closest guesses would receive prizes.



About 800 tickets were issued, which were kindly lent me
for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

FRANCIS GALTON

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.
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more accurate: 1197 lbs.



About 800 tickets were issued, which were kindly lent me
for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

FRANCIS GALTON

Now the middlemost estimate is 1207 lb., and the weight of
the dressed ox proved to be 1198 lb.

... so the vox populi was in this case 9 lb., or 0.8 per cent, of
the whole weight too high.

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.

By middlemost I mean what you might call today the
median.

People have since pointed out that the mean was even
more accurate: 1197 lbs.

This result is, I think, more creditable to the trust-
worthiness of a democratic judgment than might have
been expected.



The mechanism at play here is
captured in a simple model.

To get a feeling for it, let’s play a
game.



Guess the correct version of the logo.

Keep track of your score!
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How did you do?

And how did the group do?



Here’s the model we’re
working with.



a

a / b

true state

majority

opinion

1

b

a

a

AGENTS AS NOISY ESTIMATORS OF THE TRUTH

a

a

. . .

private signal
vote

11

b

2

n

A number of agents vote on two
alternatives, one of which is
correct.

Each agent has a specific
competence, i.e., the probability of
voting for the correct alternative.



It’s possible that everyone ends up
voting for the wrong thing, e.g., if they get
the wrong signal.

But how likely is this?...



we assume n is odd so as not
to worry about ties

i's guess of the right answer

probability that i getsthe right answer

we write profiles as words: (a, a, b, a, ...)  ⇾ aaba...

NOTATION



I want to make some assumptions.
THE MARQUIS DE CONDORCET
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I claim that under these conditions, the majority
tends to get it right!

THE MARQUIS DE CONDORCET



We want to understand the probability that
the majority opinion is correct:



Computing the accuracy of the
group gets more and more involved
as the number of agents grows.

But let's start simple.



ONE VOTER
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FIVE VOTERS



ANY ODD NUMBER OF VOTERS



By the croissants of my ancestors, I claim that
groups improve with size!

THE MARQUIS DE CONDORCET



THE CONDORCET JURY THEOREM (CJT)
THEOREM



How to prove this?



PROOF OF CLAIM 1: LARGER GROUPS HAVE BETTER ACCURACY

This is shown by analyzing the expression for
the accuracy of a group of n voters.

And deriving a recurrence relation for it, in
terms of the accuracy of a group of n - 2
voters.



PROOF OF CLAIM 2: THE GROUP IS BETTER THAN ITS MEMBERS

This follows from Claim 1, as single voters are
just groups of size 1.



PROOF OF CLAIM 3: IN THE LIMIT, ACCURACY IS PERFECT

Use the Law of Large Numbers.



THEOREM

THE (WEAK) LAW OF LARGE NUMBERS

very likely

very unlikely



THE LAW OF LARGE NUMBERS: INTUITION

Consider random variables that take value 1 with
probability 0.02, and 0 with probability 0.98:

The expected value of such a variable is:



THE LAW OF LARGE NUMBERS: INTUITION

Consider random variables that take value 1 with
probability 0.02, and 0 with probability 0.98:

The expected value of such a variable is:

If we sample a large number of such variables (e.g., a
million), we’d expect about 2% of them to take value 1. 

Or the average to be very close to 0.02.



In our setting, random variables keep track
of whether agents are correct or not.



PROOF OF CLAIM 3: IN THE LIMIT, ACCURACY IS PERFECT

Random variables keep track of whether agents are
correct:

We want to show that, in the long run, more than half
of these take value 1:

Or, equivalently:

The bias in favor of the truth ensures that, on average,
and in the long run, more people vote for it than not.

very likely



This probably also explains what happened at the
country fair!

FRANCIS GALTON

(true) weight



Let's sum up.



Groups are better than their members.
THE MARQUIS DE CONDORCET

The larger the group, the better.

In the limit, performance is perfect.

As long as people are better than
random, and vote independently!



But people are not generally
independent...

Can social structure interfere with
group accuracy?



O D O R I C  O F  P O R D E N O N E
In a province of the Grand Can
there grow gourds, which, when
they are ripe, open, and within
them is found a little beast like
unto a young lamb...

Odoric of Pordenone [trans. Sir Henry Yule]
(2002). The Travels of Friar Odoric. W.B.

Eerdmans Publishing Company.
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In Tartary groweth a manner of fruit, as though it were
gourds. And when they be ripe, men cut them a-two, and
men find within a little beast, in flesh, in bone, and blood,
as though it were a little lamb without wool. And men eat
both the fruit and the beast. And that is a great marvel.

Of that fruit I have eaten... and found it wondirfulle.
Mandeville, J. (1900). The Travels of Sir John Mandeville. The Cotton Manuscript in
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Let's model this.



Agents are represented by nodes in a social network,
and update their opinions depending on the opinions
of their peers.

MORRIS DEGROOT



THE DEGROOT MODEL



Agents
1, 2, 3

2 31



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

2 31

Time

0 1 2 3 ... 30 31 ...

0

20

40

60

80

100



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

2 31

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

2 31

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Agents
1, 2, 3

Time
t = 0, 1, 2, ... 

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.5 · 1 + 0.25 · 0 + 0.25 · 0 = 0.5

2 31

1 1

0.25 0.25

0.5

Agent 1 Agent 2 Agent 3

0 1 2 3 ... 30 31 ...

0.0

0.2

0.4

0.6

0.8

1.0



Do the beliefs of each agent converge, i.e.,
reach a point after which they do not
change anymore?

If yes, then is there consensus, i.e., do
beliefs converge to the same value?



Yes!
MORRIS DEGROOT

Under certain conditions...



Certain types of cycles are
bad news.
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DEFINITION
A network is aperiodic if the greatest common
divisor of any two cycle lengths is 1.



Cycles of length 2, 3 and 4 are fine.
MORRIS DEGROOT

But cycles of length 2 and 4, or 3 and 6... no bueno.

Also cycles of length 1, i.e., self-loops.



Isolated nodes are also bad
news.
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DEFINITION
A network is strongly connected if there is a path
from any node to any other node.



Strong connectedness and aperiodicity do the trick!
MORRIS DEGROOT



THEOREM (DEGROOT, 1974)
If the social network is strongly connected and aperiodic,
then, for any initial beliefs, agents converge in the limit to
the same belief.

DeGroot, M. H. (1974). Reaching a Consensus. Journal of the American Statistical Association, 69(345), 118–121.



Nice!

But what needs to happen for agents in the
DeGroot model to arrive at a consensus that
is also correct?



THE DEGROOT MODEL WITH TRUTH



As with the Condorcet Jury Theorem, this is a limit
condition as the network grows larger and larger.

MATTHEW O. JACKSON

Golub, B., & Jackson, M. O. (2010). Naïve Learning in Social Networks and the Wisdom of
Crowds. American Economic Journal: Microeconomics, 2(1), 112–149.

BENJAMIN GOLUB
We want to speak now of wise networks.



DEFINITION



Golub, B., & Jackson, M. O. (2010). Naïve Learning in Social Networks and the Wisdom of Crowds.
American Economic Journal: Microeconomics, 2(1), 112–149.

BENJAMIN GOLUB
There’s a really cool way of thinking about the

consensus belief.



The consensus belief is a linear combination of the
initial beliefs and the eigenvector centralities of the
nodes.

MATTHEW O. JACKSON

Golub, B., & Jackson, M. O. (2010). Naïve Learning in Social Networks and the Wisdom of Crowds.
American Economic Journal: Microeconomics, 2(1), 112–149.

BENJAMIN GOLUB
There’s a really cool way of thinking about the

consensus belief.



The centrality of a node in a network is a
measure of how influential that node is.



EIGENVECTOR CENTRALITY

A node is influential if it is connected to an
influential node.
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The centrality of a neighbor is proportional
to the sum of neighbors’ centralities.

A node is influential if it is connected to an
influential node.
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The centrality of a neighbor is proportional
to the sum of neighbors’ centralities.

A node is influential if it is connected to an
influential node.

Obtained by solving a system of linear
equations.

EIGENVECTOR CENTRALITY
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The centrality of a neighbor is proportional
to the sum of neighbors’ centralities.

A node is influential if it is connected to an
influential node.

Obtained by solving a system of linear
equations.

EIGENVECTOR CENTRALITY



Eigenvector centrality is behind PageRank.
LARRY PAGE

SERGEY BRIN
That is, the original Google algorithm for ranking

webpages.



EIGENVECTOR CENTRALITY
& CONSENSUS BELIEFS
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As the network grows and grows, the influence of
every node should go to 0.
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BENJAMIN GOLUB
For a network to be wise, there can’t be a node that,

in the long run, retains positive influence.
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Influential nodes draw the collective
opinion towards their own opinion, rather
than the truth.



Maybe what happened with the
vegetable lamb... ...

... ...



Free speech is the bedrock of a functioning
democracy.

ELON MUSK

And X is the digital town square where matters vital
to the future of humanity are debated.



But if some voices in this square have
outsized influence, due to their position in
the network, how democratic is this really?...


