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Sometimes groups can be smart.
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| can personally attest to the surprising accuracy of
group judgment.

| mean, of course...
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If | may be allowed!

| can personally attest to the surprising accuracy of
group judgment.

| mean, of course...

the ox!



COUNTRY MATTERS

A weight-judging competition was carried on at
the annual show of the West of England Fat Stock
and Poultry Exhibition, in Plymouth, in 1907.

Competitors would try to guess the weight of an
ox that had been slaughtered and laid out in the
market.

Guesses would be submitted on paper tickets.

Closest guesses would receive prizes.

| L James Holland. Country Fair.




for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.

430 NATURE

|?°o at Ho’gm, Basutoland, on August 23 The fmean
yearly value of the absolute maxima was 3679, amd of ithe
corresponding  minima 41°6. The mean temperature for
the year was o below the average. The stormiest monih
was Oglober, aml the calmest was April,

We have also received the officlal meteorological yeir-
bosks for South Australia (1ge4) and \1!;:mr= {1g05j. DLaoth
of these works contain valuable means for previous years.

le,,- Years of Southern New Mexico Cl rarr.-—lfrl in
Ko. g9 of the New Mexico College of Ap nfe coRtains
1l mietegralogical datn recorded at the cxperimental station
froam 18g2 fo 1905 inclusive, tlogeiher resulis of
temperature and rainfall observations at other stations in
the Mesilla Valley for most of the yenrs between 185t and
15, published somo yenrs ogo by Qicnrnﬂ fareely in a
L) E-1|¢:t o the Clumn e of Mew Mexico.' Jhe station
situnted in lak. 32 r,’ N., long. 1067 45" W.. and
3868 feet above sea-level. The data have o general appl
cation to those portiens of southern New Mexico with
an altitude less thar yooo feel.  The mean apnual tempera.
wire for the whale ;-uu'ocl was Ga%6, mean masimom
fl’u‘.r[«n y¢.|rs] =38, mean minimum 41"-4, nhaalute
mazimum 06" {which accurred several times), absslute
minimum 1% (December, 1893}, The mean annual rain-
lall was HB inches; the smallest yearly amount was
35 inches, in 1873, the I::rp:nsl 171 inches, in 1gos.  Most
of the rain falls d r July, Aupust, and Sepiember
The relative humidi ow, the m anreal amoeunt being
about 51 per cent, The bullelin was peepared by J. DL
Tinsley, vice<lirector of the statio

U:rm-mlngunll thzerpationg i Germany.—The resuliz
aof the obscrvations mide umler the system of the Deuwtsche
Scewarte, Hamburg, for 1905, at ten stations of the second
ard and at fifiy-six storm-warning stations, have been

o
published by the Seewarie, and forms part of the serics of
German  meteorological j.'r;lralu'mits We have frequently

e, This 48 the twesty-cighth  yearly  volume |

referred fo this excellent series, and the volume in ques- |

tion iz similar in &l respects to its moadnrs ; i con-
tains mogt valuable data relating to the North Sea and

Baltic consts. We note that the sunshine st Hamburg was |

only 29 per eent. of the possible annual amoagnt, and that

there were 103 sunlr.ﬂs dnys ; the rainfall was 250 inches, |

the rainy days being 172 in number

FOX raopPvLL
IT@ these democeatic days, any levestigation inte the
trustworthincss and pecullnrities of popular judgments
is of interest. Tho mmterial aobout 1o be discussed relers
to a sawall matier, but is much to the point.

A weight-judging competiticn was carried gn mt the
annual show of the West of Eagland Fat Steck and
Pouliry Exhibition recently beld a1 Plymoath, A far ox
having heen  sclected, competitors bBought stamped and
numbered cards, for 6d. ench, on which to Inseribe their
respeclive names, nddresses, angd estimales of what the
ox  would weigh after it had been 3 tered  and
*“ drezeed, ™ Those whoe guessed most sucorssfully received

iees,  Abcut Boo tickets were issued, which w kindly
ent me for cxamination after they had fulfilled their
immedinte purpose. These afforded  execllent  material,
The judgments weee unbinssed by passion and wninfuenced

p osatory and the like., The sixpenny fee detereed prac-
tical joking, and the hope of a prize and the fov of com-

petition  prompred each competitor to do his best. The |

competitars included butchers and farmers, some of whom
were highly expert In judging the weight of cartle ; others
were probably guided by such information as they mighe
pick wp, and by theilr own fancies, The avesage eom-
petitor was probably s well ftted for making a just
estimate of the dressed weight of the ox, as ap average
voter i3 of judging the meriis of most political issuees on
which he wotes, and the variety among the voters to judge
justly wos probably much the same in either cage,

Alter weeding thirteen cards out of the collection, as
being defective or illegible, there remained ;ﬁq for dis-
cussion. I arrayed them in order of the magnitudes of
the estimates, and convert the curl,, quarters, apd b,
in which they were made, into lbs., under which form they
will be ereated,
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Ingt o the democratic principle of ** one vare one
value,'" the middlemest estimate expresses the wox fopuli,
every other estimate being condemned as oo low or wo
high by a majority of the votees (for feller explanation
sec Y One Vede, One Value," Narurr, February 28,
P 414). Now the middlemost estimate is 2oy b,
amd the weight of the dressed ox proved o be 1rgh b,
so the sax populi was in this case g Ib., or o3 per
cent. of the whole weight teo hig The distribue-
tion of the estimates about thelr middicmost  vabee
was of the uswal type, so for thet they clustercd
closcly In  jiz  npej hb-uurhoud apd  becmme  rapidly
mare  SPacEr Ay distance  fram it increased.

Diagran, _fmm the tabular salues.

& bs e mormsl (vrw m:h por.mgy
U ba braiwen lise ks drawn o (e
brem abow ke d-lTum:n bctwem the olwarved

and the normal.

Bui they were not seattered symmetrically. One quarter
of them deviated more than 45 Ib. above the middle.
most (37 per cent.), nnd another quarter deviared
maee than 29 lb. below it (24 per went. ), therefore the
range of the two middle quarters, that is, of tho middle-
most half, lay within thase I . It would be an equal
chance that the estimaie written on any card picked ai
random ouf of the collection lay within or without those
fHimits. In other words, the * probable error ™ of a sm§1
abservation may be reckoned as  §{45-+zah or 37 bh
{11 per cent).” Taking this for the pe. of the pormal
curve that is best adapted for comparison with the obsered
vilues, the results are obtained whick appear in above
table, and graphically in the diagram,




FRANCIS GALTON

= \ About 800 tickets were issued, which were kindly lent me

for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

Now the middlemost estimate is 1207 [b., and the weight of
the dressed ox proved to be 1198 Lb.

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.
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1770 at Moyeni, b on  August 23 The vean
ycm]y value of the ,;I,.mlm-; maxima was 87, and of the
corresponding . The mean temperature for
the year was o lew the average. T he stormiest month
was Ctober, aml the st Was 'lpr

We have also received the officlal meteorological yeir-
hu-mu for Seuth Australia (sgo4) and Mysare {1905). Bath
of these works contain valusble means for previcus yeors

Fmil, Years of wtliern New Mexico Clinate.—Bulletin
Ko, 56 of the New Mexico College of Apr e CoRLains
the megegrclogical d recarded at the cx nial sim
fram 189z fo 1905 inclusive, together with resulls o
temperature and rainfall observations at other stations in
the Mesilla Valley for most of the yenrs between 1851 and
15, published somo yenrs ogo by I.icnrrll'l fareely in a
" Repart on the Clin"n e of Mew Mexico.' Jhﬂ station .:
situnted in lak. 32 r,’ N., long. 1067 45" oy s
3568 feet above sen-level. The data have o general appli-
cation to those portions of southern New Mesico v
an altituede less thar jeoo feel. The mean annual tempern-
wire for the whale ;n—.—irnl was  Ga®6, e imum
[f._u,r|¢¢n wrlrs] =60 meEan  mininm 41 Y salute

wm [1|.|\1’|" accurred  several ||11r=], absalute
minm r" (Drrrmh-rr 1893k, The mean annuwal rain-

inches, in 1873, the: I.Jr},usl 171 inches,
of the rain falls duri m‘ Aupust,
The relative hamidity anmu
13 51 per cent, jlu_ L||,1|||_ way prepared by ] DL
vioe<lirector of the st

Uzrmw]ngumf thzerpationg i Germany.—The resuliz
af the observations mide umder the sysiem of the Deuwtsch

gog.  Mos
Wl September.

Scewarte, Hamburg, for 105, at ten stations of 'h«: eecand §

m-‘«. r. and at fifly-six storm-warning stations, have be

wis HS inches; the smallest '|E;|.I.'|.'\' amount was |

I1 nmount being |

wl.  This 38 the twesty-cighth  yearly  volume |
puh!lshm by the Seewarie, and forms pant of the serics of
German  meteorological )‘fﬂr-hnﬂits We have Irequently

rc.cr:ed 1o this excellent serics, and the volume in ques- '

tion iz similar in & redpects Lo ity predecessors; it
tains most valuable data relating to the North
Baltic consts. We nole that the sunshine at Hami

only 29 per eent. of the possible annual amognt, and that |

there were 103 SIII'|||".‘1 days; the rainfall was 256 inches,
the rainy daye being s72 in nmumber.

FOX raopPvLL

IN these demecratie days, any levestigation imte the
trustworthincss and pecullnrities of popular judgments
is of interest. Tho mmterial aobout 1o be discussed relers
to a sawall matier, but is much to the point.

A weight-judging competition was carried on ut the
annual show of the West of Eagland Fat Stock and
Pouliry Exhibition recently held a1 Plymowth, A far ox
having beea selected, compotitors bought stamped and
numbered cards, for 6d. ench, on which o Inseribe their
respeclive names, nddrésses, angd estimales of what the
ox would weigh after it had been  slaughtered and
“drezsed,”  Those whe guessed most sucorssiully received
prises, Abeut oo tickets wers jssued, which

s for cxamination after they had fulfill
immedinte purpose, These afiord excellent  material,
The judgments weee unbinssed by passion and wninfuenced
by oratory and the like. The sizpenny fee deterred prac-

i ]nk ng, and the hope of a prize and the jov of com-

D:ﬂulmn-’-‘-n of fhe estimates of the dressed sedght of &
fcular Il'.:llg ox, made by 587 different persons,
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@1, @5 tho fivat amd chivd qoarile, stand o ey and 73" respecively.

s, the median or middiemest value, tand ai 2,

The dreysed weight proved ta be 1ag@ Ik

Accomding o the democratic principle of ** one vore one
walue, middlemeost estimane oxpresses the wox populi,
EYETY mate being condemned a8 ioo low or wo
high by a majority of the votees (for feller explanation
sec Y One Vede, One Value," Narurr, February 28,
P 414). Now the middlemost  esti e is awog b,
and the weight of the dressed ox proved o be 1rg8 1b.;
so the sox populi was In this case g Ib, or od per
cent. of the whole welght tea k. The distribu-
tion of the estimates about thelr middicmost  vabee
was of the uswal type, so for thet they clustercd
clasel In s npeighbourhosd  and  becnme  rapidly

mare  SPacEr Ay ¢ distance  fram it increased.
|

|'|‘m‘|p!h each competitor to do his best. The |

competitars included butchers and farmers, some of whom |

were highly expert In judging the weight of cartle ; others
were probably guided by such information as they mipght
pick wp, and by theilr own fancies, The avesage eom-
petitor was probably s well ftted for making a just
estimate of the dressed weight of the ox, as ap average
voter is of judging the meriis of most political issees on
which he wotes, and the variety among the voters to judge
jusily wos probably much the same in either cage,

Alter weeding thirteen cards out of the collection, as
being defective or illegibde, there remained 787 for dis-
cussion. I arrayed them in order of the magnliudes of
E e estimates, and conve the curl,, quarters, apd b,
in which they were made, Ibs., under which form they
will be ereated,
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Diagram, from the tabuler values.
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The eantinasis Hi

U ba Braken lide rari Oﬂ

"] e lizes connecting ibem -bcm lhc d.!’um—-:n bctwram the olmrved
and the nommal
Bui they were not sgeattered symmedrically. One guarter
of them deviated more than 45 Ib. above the middle.
most (37 per cent.), nnd another quarter deviared
more ihan 29 lb. below it (24 per oent). therefore the
range of the two middle quarters, that Is, of tho middle-
most half, lay within those It would be an equnl
chance that the estimate wri an any card picked ai
random ouf of the collection lay within or without those
Jimits. In other words, the ** probable erroc ** of a single
abservation may be reckoned as §{q5-+zah or 37 b,
{31 per cent.).” Taking this for the pe. of the pormal
curve that is best adapted for comparison with the obsered
vilues, the results are obtained whick appear in above
table, and graphically in the diagram,




FRANCIS GALTON

About 800 tickets were issued, which were kindly lent me
for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

Now the middlemost estimate is 1207 [b., and the weight of
the dressed ox proved to be 1198 Lb.

... S0 the vox populi was in this case 9 |b., o
the whole weight too high.

.8 per cent,_of

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.
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on :‘mm»: :|.. The  eeenan
yearly value of th aml of ihe
corresponding minimna 4140 The mean temperaiure for
the vear was o below the .|1.lr:]gc'. The stormiest monih
Odgler, amd the o 'lpw'=.
e have also received the officlal meteorological yeir-
books for Seuth Australia (1go4) and Mysore (1go5). DBaoth
of these works contain valusble means for previcus yeors
Forty Years of Southern New Mexico Clivate.—LBulletin
Ko. go of the New Mexico College of Apr
the megegrclogical dr
from 8oz o 1905 inclusive, together with ='P-=I-||-I$- ¥
temperature and rainfall observations at other stations in
the Mesilla Valley for most of the yenrs between 1851 and
15, published somo yenrs ogo by I.uLnrrll'I Gireely in a
" Repart on the Climad e of New Mexico." The station
siimnted in lak. 32° 157 N., long. 106% 45" W., and .5
3568 feet above sen-level. The data have o general appli-
to those portions of southern New Mesico h
trode less thar qooo feel, The mean a
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rf._u,r|¢¢n wrmj =65, mean minimum 41°.1|
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mum 1% (December, r8ggl. The mean ann
wis BB

17%e at Moyeni, Basan

73, the I..r},ul 171 inches,
the rain falls during Aupust,
1 I:uI relative humidity is low, anme
51 per cent. The hull\.
vioe<lirector of the st
|I'¢rm ~JngJMF (thzerpationg  dn
of the observations maude unler the system of the Dewisch

i the smallest yearly amount was |
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1 amount being .
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Giermany—The resulis  ~

Scewarte, Hamburg, for 105, at ten stat
Ufﬁ. r. and at fifty-six storm-warning stations, have boem |
wl.  This s the twesly-eighth enrly  volume

puh!lshm by the Seewarie, amd forms pan of the serics af
German meteorologica! yearshooks.  We have Irequently

referred 1o this excellent series, and the volume |r| ques- |

lum ie similar in el respects to its predecessors; i con-
tains most valuable data relating to the North

Baltic consts. We aole that the sunshine at Hami
only 29 per eent. of the possible annual amoagnt, and that
there were 103 !illl1|l'“1 davs ; the rainfall was 259 inches,
the rainy daye being s72 in nmumber.

FOX raopPvLL
]'_\ these demecratie days, any levestigation imte the
trusiworthincss and peoullarities of popular judgments
is of interest. Tho mmterial aobout 1o be discussed relers
to a sawall matier, but is much to the point.
A weight-judging  comperiti
annual show of the W
!"c-.|1rr:f F, o 1 moath, A far ox
wing srecbed, Nsmp\r boes hm'glﬂ stamped  and
narmbered r:mi:.. for 6d. coch, on which to Inscribe their
respeclive names, nddrésses, angd estimales of what the
ox would weigh after it had been  slaughtered and
** druzged " Those whi guessed most .tllcrl--s'hllr received
praRss. beut Boo Keds were issued, which were kindly
lemt me for cxamination after they had fulfilled their
immedinte purpose, Thess  aflosd execllent  material,
The judgments weee unbinssed by passion and uninfuenoed
l.r} oratery and the like, he 1i:r.|u.|:r:|l fre deterred prac-
ical joking, and the hope of a prize and the oy of com-
it :vi'l'm‘ipluu each competitor to do his hest. The
competitars included butchers and farmers, some of whom
were highly expert In judging the weight of cartle ; others
were probably guided by such information as |hn' might
pick wp, and by thelr own fancies, The avesage eom-
petitor was probably ns well fitted for making a just
estimate of the dressed weight of the ox, as ap average
voter is of judging the meriis of most political issees on
which he wotes, and the variety among the voters to judge
jusily wos probably much the same in either cage,

Alter weeding thirteen cards out of the --mlnr:inn. ax
being defective or illegibde, there remained 787 for dis-
I in order of the magnliudes of

the eudl,, quarlers, apd by,
Ibs., under which form they

gn ut the
b Stock |

E e estimates,
in which they were made,
will be ereated,

¥0. 1949, VOL. 75]

np:?‘l‘ulmn-’-'-n of fhe estimates of the dressed —--gq‘i‘;-l of &
fclar laving nx, made by 987 different _pcnaus_

| Comiiles
I of | " _— — — f
whelngth of | Efimates T Dbasrved aver
Astuy o' — o] T | devisteg e . el Hermal
15 Iha, =3
5 1074 =133 ~ o0 +43
1 ] = oX =70 2%
(13 | 1130 - 8Bi - 57 + 24
20 | 1148 - 50 = b + 13
135 | Lk = 45 -3iF + &
3o l 1174 - 33 ! 2 + 4
i5 |3 - 26 1 + 5
40 | 11BE = 19 = 14 * 3
45 | ngp - 10 - 7 L |
oy By | LEL A | Q =] s
55 | 14 r %+ F “+ o
(5] I [ 3 0r] P I © I v i4 - 3
[T 1225 + 18 31 o |
] | 1230 5 § ] b
fa 75 | 1236 4 m +37 - &
Ry ¥ 1243 + 36 e ] H - Ti¥
g T84 + AT + 57 i -2
9| 3267 + 3z | +70 =¥
95 1293 + 86 | 400 | =4

#ny @t Lhw firat amd chivd qoartiles, swand an e and 73" respecively.
r, the median or middiemost valug, o tan v’

The dreysed weight proved ta be vag®
democratic prir
MORL SUNEG CRpTeas:
y e being condemned oo Jow or 1o
high by a majority of the votees (for ler cxplnnation
sec Y One Vede, One Value," Narurr, February 28,
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and the weight of the dressed ox proved o be 1rg8 1b.;
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tion  of the estimates about thelr middiemest  walue
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range of the two middle quarters, that Is, of tho middle-
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chance that the estimate wri an any card picked ai
random ouf of the collection lay within or without those
Jimits. In other words, the ** probable error * of a single
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curve that is best adapted for comparison with the obsered
wvitlues, the rédults are obtaised whick appear in above
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FRANCIS GALTON

About 800 tickets were issued, which were kindly lent me
for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

Now the middlemost estimate is 1207 [b., and the weight of
the dressed ox proved to be 1198 Lb.

... S0 the vox populi was in this case 9 |b., o0.8 per cent
the whole weight too high.

By middlemost | mean what you might call today the
median.

People have since pointed out that the mean was even
more accurate: 1197 |bs.

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.
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tains most valuable data relating to the Morth nd
Baltic consts. We note that the sunshine at Hamburg was
only 29 per cent. of the possible I amegignt, and that
there were 103 s.u|1|M1 davs ; the rainfall was 259 inches,
the rainy daye being s72 in nmumber.

fiermany.
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FRANCIS GALTON

About 800 tickets were issued, which were kindly lent me
for examination after they had fulfilled their immediate
purpose... [of which] there remained 787 for discussion.

Now the middlemost estimate is 1207 [b., and the weight of
the dressed ox proved to be 1198 Lb.

... S0 the vox populi was in this case 9 |b., o
the whole weight too high.

.8 per cent

By middlemost | mean what you might call today the
median.

People have since pointed out that the mean was even
more accurate: 1197 |bs.

This result is, | think, more creditable to the trust-
worthiness of a democratic judgment than might have
been expected.

Galton, F. (1907). Vox populi. Nature, 75(7), 450—451.
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The mechanism at play here Is
captured In a simple model.

To get a feeling for 1t, let's play a
game.



GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!



GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

Keep track of your score!

Guess the correct version of the logo. :




GUESS-THE-LOGO GAME

Google

Guess the correct version of the logo.

Keep track of your score!

Google



GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!
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Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

X

Guess the correct version of the logo.

Keep track of your score!
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GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!
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Guess the correct version of the logo.

Keep track of your score!
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Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

Guess the correct version of the logo. N

Keep track of your score!




GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

You{3
(11 Tube

Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

You{ll) &

Guess the correct version of the logo.

Keep track of your score!
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GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!
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GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!
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GUESS-THE-LOGO GAME

Guess the correct version of the logo.

Keep track of your score!




GUESS-THE-LOGO GAME

Keep track of your score!

&
X

Guess the correct version of the logo. .



How did you do?

And how did the group do?



Here's the model we're
working with.



AGENTS AS NOISY ESTIMATORS OF THE TRUTH

A number of agents vote on two
alternatives, one of which is
correct.

Each agent has a specific
competence, i.e., the probability of 5
voting for the correct alternative.

: Q (o




It's possible that everyone ends up
voting for the wrong thing, e.g., If they get
the wrong signal.

But how likely 1s this?...



NOTATION

voters N _
alternatives A = {a,b}
correct alternative a
voterisvote v, € A
profile of votes v = (vq.....v,)
voter i's competence / Prlv; = a|] = p;, with p; € [0,1]
majority vote'  Fj,qi(v) = x, such that v; = z for a (strict) majority of voters



THE MARQUIS DE CONDORCET
| want to make some assumptions.




ASSUMPTIONS

(Competence) Agents are better than random at being correct:

1 :
Pi > 5 for any voter i € N.

L



ASSUMPTIONS

(Competence) Agents are better than random at being correct:

1
p; > 5 for any voter i € N.

(Equal Competence) All agents have the same competence:

p; = p; = p, forall votersi,j € N.



ASSUMPTIONS

(Competence) Agents are better than random at being correct:

|
p; > 5 for any voter i € N.

(Equal Competence) All agents have the same competence:
p; = p; = p, forall votersi,j € N.

(Independence) Voters vote independently of each other:

Pr|v; = z,v; = y| = Pr|v; = z| - Pr|v; = y], for all voters ¢,j € N.



THE MARQUIS DE CONDORCET
| claim that under these conditions, the majority
tends to get it right!




We want to understand the probability that
the majority opinion is correct:

Pr|Fpgi(v1,- .., 0n) = @



Computing the accuracy of the
group gets more and more involved
as the number of agents grows.

But let's start simple.



ONE VOTER

The profile is v = (vy).

The probability of a correct decision is:



ONE VOTER

The profile is v = (vy).

The probability of a correct decision is:

Pr | Fingj(v1) = a| = Pr[v; =
> 1f2,



ONE VOTER

The profile is v = (vy).

Group accuracy vs individual competence

The probability of a correct decision is:

Pr [Fmﬂj{ul] = .-.1] = Pr [v; = af "“
=p
::} ]//2'. 0.25 -

n=1

Note that as p grows, so does group accuracy. °*

0.25

0.50

0.75

1.00



TWO VOTERS

The profile iIs v = (v, v2).



TWO VOTERS

The profile iIs v = (v, v2).

Oh wait, we're not looking at this case.



THREE VOTERS

The profileisv = (vq, v2, v3).

The probability of a correct majority decision is:

Pr [Fuei(v) = a] = Pr[a majority of voters in v are correct



THREE VOTERS

The profileisv = (v, v, v3).
The probability of a correct majority decision is:

Pr [F,ei(v) = a] = Pr[amajority of voters in v are correct|
= Pr|viseither aab, aba, baa, or aaal
= Pr [v = aab] + Pr [v = aba] + Pr [v = baa] + Pr [v = aaa]




THREE VOTERS

The profileisv = (vq, v, v3).
The probability of a correct majority decision is:

Pr [F,ei(v) = a] = Pr[amajority of voters in v are correct|
= Pr |vis either aab, aba, baa, oraaa)
= Pr [v = aab] + Pr [v = aba] + Pr [v = baa] + Pr [v = aaa]
= Pr(vy =a] Prlvs =al Prlvs = b+

Pr vy =a] - Prlve =b] - Prlvs = a] +

Pr(vy = b| - Pr|ve = al - Pr vy = a| +

Pr{vy =a]-Prlvo=a]-Prlvy=a
=pp-(1=—p)+p-(1=p)-p+(1—p)-p-p+p-p-p
= 3p*(1 = p) + p°
> P.



THREE VOTERS

The profileisv = (vq, v, v3).
The probability of a correct majority decision is:

Pr [F,ei(v) = a] = Pr[amajority of voters in v are correct|
= Pr |vis either aab, aba, baa, oraaa)
= Pr [v = aab] + Pr [v = aba] + Pr [v = baa] + Pr [v = aaa]
= Pr(vy =a] Prlvs =al Prlvs = b+

Pr vy =a] - Prlve =b] - Prlvs = a] +
Pr(vy, =b]-Prlve =a]-Privs = a] +

Pr{vy =a]-Prlvo=a]-Prlvy=a
=p-p-l—p)+p-(1—p)-p+(1—p)-p-p+p-p-p
= 3p*(1 = p) + p°
> P.

Note that as p grows, so does group accuracy.

And a group of size 3 is more likely to be correct than a group of size 1.

1.00 A e
— n=1 o
—_ n=3 ra
0.75 -
o
1]
=
: 0.50 -
=
3
~
g
0.25 -
.--’ff-}/’
0.00 +— . " ;
0.00 0.25 0.50 0.75
p

Group accuracy vs individual competence

1.00



FIVE VOTERS

The profileis v = (v, v2, v3, V4, V5).
The probability of a correct majority decision is:

Pr [Fj(v) = a] = Pr|amajority of voters in v are correct]|
= Pr |either exactly 3, 4 or 5 voters in v are correct]|

= Pr |viseither aaabb, aabab, abaab, baaab, aabba, ababa, baaba
aaaab, aaaba, aabaa, abaaa, baaaa,

ar !'.l'.l!'.i'.l!'.i.f!.fl.]

I

10-p*(1 = p)? +5-p'(1 = p) + p°

D - , i _ D .
(‘J p*(1—p)* + (l) pl(1=p)' + (5) p

Note, again, that as p grows, so does group accuracy.

|

And a group of size 5 is more likely to be correct than a group of size 3.

=a]

-

P[Fma(va,

1.00

.73 7

0.50 1

0.25 +

0.00

Group accuracy vs individual competence
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0.00 0.25

0.50

0.75

1.00



ANY ODD NUMBER OF VOTERS

The profileisv = (v, ..., v,).

The probability of a correct majority decision is:

Pr [Finej(v) = a] = Pr[a majority of voters in v are correct]

= Pr [eitherexactly |/2] + 1,...,n — 1, orn votersin v are correct|

fl - : mn Il
2] +1 | — n—(|"/2]+1) 44 _n-—1 ] - ] 1 r
([”;’zj + I) ¥ (1-p) (n — l)‘” (1-p) )t

- n : n—1
> (Jw (1—p)" .

i=|nf2|+1

|

|



THE MARQUIS DE CONDORCET
By the croissants of my ancestors, | claim that
groups improve with size!




THE CONDORCET JURY THEOREM (CJT)

THEOREM
For n voters, with n odd, all of whom have accuracy p > 1/2 and vote independently of each

other, it holds that:

(1) The accuracy of the group improves as the size of the group grows:
I’]'[I"mﬂj{w] ..... Upt2) = u] > Pr [Fmﬂj{ﬂ] yvenyUn) = n].
(2) The accuracy of the group is at least as good as the accuracy of the inidividual members:

]1I'[f*1mﬂj[:|'.-‘[._ ooy Ui ) = r.ﬂ.] > P,

(3) As n goes to infinity, the accuracy of the group approachs 1 asymptotically:

[im I"’r[f'"mﬂj['m v ey Ty ) = r.-.] = 1.

Tl = O



How to prove this?



PROOF OF CLAIM 1: LARGER GROUPS HAVE BETTER ACCURACY

This i1s shown by analyzing the expression for
the accuracy of a group of n voters. . .
( )H'H p)
|

2.

i=|n/2]4

And deriving a recurrence relation for it, in !
terms of the accuracy of a group of n - 2

voters.



PROOF OF CLAIM 2: THE GROUP IS BETTER THAN ITS MEMBERS

This follows from Claim 1, as single voters are
just groups of size 1.



PROOF OF CLAIM 3: IN THE LIMIT, ACCURACY IS PERFECT

Use the Law of Large Numbers.



THE (WEAK) LAW OF LARGE NUMBERS

THEOREM
IfX,,..., X, areindependentandidenticallydistributed (i.i.d.) randomvariables such that

E[X;] = p, then, forany e > 0, it holds that:

lim Pr
T = O3

—pl<e| =1.

Tl

HX1++-~+X”

1 1
X1+...+X,
6 n
¢ 1L
3
L1 |
X1+...+X,




THE LAW OF LARGE NUMBERS: INTUITION

Consider random variables that take value 1 with
probability 0.02, and 0 with probability 0.98:

X; = { 1, with probability 0.02,

0, with probability 0.98,

The expected value of such a variable is:

1[Xi] =1-0.02+0-0.98 = 0.02.

0.02°




THE LAW OF LARGE NUMBERS: INTUITION

Consider random variables that take value 1 with
probability 0.02, and 0 with probability 0.98:

Y. 1, with probability 0.02,
"7\ 0, with probability 0.98,

The expected value of such a variable is:

1[Xi] =1-0.02+0-0.98 = 0.02.

If we sample a large number of such variables (e.g., a
million), we'd expect about 2% of them to take value 1.

Or the average to be very close to 0.02.

e

0.02°




In our setting, random variables keep track
of whether agents are correct or not.



PROOF OF CLAIM 3: IN THE LIMIT, ACCURACY IS PERFECT

Random variables keep track of whether agents are
correct:

{1. if voter 7 is correct, i.e., if v; = a,
.i'- p—

(), otherwise.

We want to show that, in the long run, more than half
of these take value 1:

X1—|——|—Xn > %

Or, equivalently:
Xi+...+X, 1

n 2

The bias in favor of the truth ensures that, on average,

and in the long run, more people vote for it than not.

XXX rrry’

1
EIX1+...+Xn
n

1.0000000000000




FRANCIS GALTON

Ay This probably also explains what happened at the
-,/ country fair!

(true) weight
Xi1+...+X,

n

I




Let's sum up.



Group accuracy vs individual competence

1.00 -
— n=1
THE MARQUIS DE CONDORCET o
Groups are better than thelr members. | rem /
27— n=51
~ — n=101 /
The larger the group, the better. ! | — n=1001 /
In the limit, performance is perfect. £
As long as people are better than . '
random, and vote independently!
0.00 . . :
0.00 0.25 0.50 0.75 1.00



But people are not generally
Independent...

Can soclal structure interfere with
group accuracy?



ODORIC OF PORDENONE
[n a province of the Grand Can
there grow gourds, wbick, when
tke) are ripe, open, and within

them is found a little beast [z’/@

unto cz)oung [d?’ﬂb

Odoric of Pordenone [trans. Sir Henry Yule]
(2002). The Travels of Friar Odoric. W.B.
Eerdmans Pub[z’s})ing Company.




SIR JOHN MANDEVILLE
In Tartary roweth a manner of fmit, as t]vougb it were
gourds. An§ when t/vgi be ripe, men cut them a-two, and
men fmd within a little beast, in ﬂesk, in bone, and b[ooa[,
as though it were a little lamb without wool. And men eat
both t}i fmz’t and the beast. And that is a great marvel.

Of that fruit 1 bave eaten... and found it wondirfulle.

Mandeville, ]. (1900). The Travels of Sir Jobn Mandeville. The Cotton Manuscript in
modern spel[ing. Macmillan and Co. Limited.
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ODORIC OF PORDENONE AD 1357 -1371
[n a province of the Grand Can
there grow gourds, wbick, when
tke) are ripe, open, and within

them is found a little beast [z’/@

unto cz)ioung [d?’ﬂb

Odoric of Pordenone [trans. Sir Henry Yule]
(2002). The Travels of Friar Odoric. W.B.
Eerdmans Pub[z’s})ing Company.




SIR JOHN MANDEVILLE
In Tartary roweth a manner of fmit, as t]vougb it were
gourds. An§ when t/vgi be ripe, men cut them a-two, and
men fmd within a little beast, in ﬂesk, in bone, and b[ooa[,
as though it were a little lamb without wool. And men eat
both t}i fmz’t and the beast. And that is a great marvel.

Of that fruit 1 bave eaten... and found it wondirfulle.

Mandeville, ]. (1900). The Travels of Sir Jobn Mandeville. The Cotton Manuscript in
modern spel[ing. Macmillan and Co. Limited.
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AD 1357 - 137

ODORIC OF PORDENONE
[n a province of the Grand Can
there grow gourds, wbick, when
tke) are ripe, open, and within

them is found a little beast [z’/@

unto cz)ioung [d?’ﬂb

Odoric of Pordenone [trans. Sir Henry Yule]
(2002). The Travels of Friar Odoric. W.B.
Eerdmans Pub[z’s})ing Company.

BARON SIGISMUND VON HERBERSTEIN

[...] a certain seed [i/@ that of a me[on, but rather rounder

P 5 and longer, rom which, when it was set in the earth, grew a
Plant resem lz/;}% a lamb, and attaining to a lvez;glot ofabout

eet...

AD 1515 - 1553

two and a bal,

Szgmzmd Freiberr von Herberstein (18 51). Notes Upon Russia: Being a Translation of the
Earliest Account of that Country, Entitled Rerum Moscoviticarum Commentarii. Hak[@)t Society.




SIR JOHN MANDEVILLE
In Tartary roweth a manner of fmit, as tkougb it were
gourds. An§ when t/vgi be ripe, men cut them a-two, and
men fmd within a little beast, in ﬂesk, in bone, and b[ooa[,
as though it were a little lamb without wool. And men eat
both t}i fmz’t and the beast. And that is a great marvel.

Of that fruit 1 bave eaten... and found it wondirfulle.

Mandeville, ]. (1900). The Travels of Sir Jobn Mandeville. The Cotton Manuscript in
modern spel[ing. Macmillan and Co. Limited.

ODORIC OF PORDENONE BARON SIGISMUND VON HERBERSTEIN
In a province Of the Grand Can [...] a certain seed li/@ that of a melon, but ratber rounder
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Odoric of Pordenone [trans. Sir Henry Yule]
(2002). The Travels of Friar Odoric. W.B.
Eerdmans Pub[z’slﬂing Company.

Szgmund Freiberr von Herberstein (18 51). Notes Upon Russia: Being a Translation of the
Earliest Account of that Country, Entitled Rerum Moscoviticarum Commentarii. Ha/duyt Society.

CLAUDE DURET
Duret, C. (1605). Histoire Admirable des Plantes.
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Kirc/aer, A. (164.1). Magrnes; sive de arte magneticﬁ opus tripartitum.
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Let's model this.



MORRIS DEGROOT
Agents are represented by nodes in a social network,
and update their opinions depending on the opinions
of their peers.




THE DEGROOT MODEL

agents

time
belief of agent i at ¢
social network

agent i's neighborhood
weight on edge from i to 4

update rule

1.2..... e

number between 0 and 1

directed graph with agents as vertices,
and who-pays-attention-to-who as edges

agents that i pays attention to

number that indicates how much weight i places on j's opinion;
we assume i distributes a total weight of 1 across i's neighborhood

attime ¢t + 1 every agent updates their belief
to a weighted average over the beliefs of neighbors
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1, 2, 3




Agents
1,2, 3

Time
t=20,1,2, ..

100

80

60

40

20

wo



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

1.0

0.8

0.6

0.4

0.2

0.0

. Agent 1 . Agent 2

Agent 3

@il

30

31



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network

Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

1.0

0.8

0.6

0.4

0.2

0.0

. Agent 1 - Agent 2

Agent 3

@i

30

31



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network

Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

1.0

0.8

0.6

0.4

0.2

0.0

. Agent 1 . Agent 2

Agent 3

@i

30

31



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network

Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

00-1+025-0+0.25-0=0.5

1.0

0.8

0.6

0.4

0.2

0.0

. Agent 1 . Agent 2

Agent 3

S e

30

31



Agents
1,2, 3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network

Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

00-1+0.25-0+0.25-0=0.5

1.0

0.8

0.6

0.4

0.2

0.0

. Agent 1 . Agent 2

Agent 3

S e

30

31



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network

Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.0-1+0.25-0+0.25-0=20.5

1.0

0.8

0.6

0.4

0.2

0.0

. Agent 1 . Agent 2

Agent 3

O 0

30

31



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network

Agent 1 pays attention to everyone, 2 and 3 pay attention only
to 1.

Neighborhoods
Agent 1's neighborhood is {1, 2, 3}, etc.

Weights
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on.

Belief updates
At time 1 agent 1's belief becomes:

0.0-1+0.25-0+0.25-0=0.5



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only

to 1 . Agent 1 . Agent 2 Agent 3
° 1 O a
/
Neighborhoods 0.8 \ |
Agent 1's neighborhood is {1, 2 . e
gent 1's neighborhood is {1, 2, 3}, etc . y S
Weights 0.4
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on. 0.2
Belief updates e T 30 31

At time 1 agent 1's belief becomes:
05-1+0.25-0+0.25-0=0.5



Agents
1, 2,3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only

to 1 . Agent 1 . Agent 2 Agent 3
° 1 O a
/
Neighborhoods 0.8 \ |
Agent 1's neighborhood is {1, 2 . e
gent 1's neighborhood is {1, 2, 3}, etc . y S
Weights 0.4
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on. 0.2
Belief updates e T 30 31

At time 1 agent 1's belief becomes:
05-1+0.25-0+0.25-0=0.5



Agents
1,2, 3

Time
t=0,1,2, ..

Beliefs
Agent 1 starts out at 1, agents 2 and 3 start out at 0.

Social network
Agent 1 pays attention to everyone, 2 and 3 pay attention only

to 1 . Agent 1 . Agent 2 Agent 3
° 1 O a
/
Neighborhoods 0.8 \ |
Agent 1's neighborhood is {1, 2 . e
gent 1's neighborhood is {1, 2, 3}, etc . y S
Weights 0.4
Agent 1 puts 0.5 weight on themselves and 0.25 on 2 and 3 each,
and so on. 0.2
Belief updates e T 30 31

At time 1 agent 1's belief becomes:
05-1+0.25-0-+0.25-0=0.5



Do the beliefs of each agent converge, I.e.,
reach a point after which they do not
change anymore?

If yes, then Is there consensus, 1.e., do
beliefs converge to the same value?



MORRIS DEGROOT
Yes!

Under certain conditions...



Certain types of cycles are
bad news.
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DEFINITION

A network Is aperiodic If the greatest common
divisor of any two cycle lengths is 1.



MORRIS DEGROOT
Cycles of length 2, 3 and 4 are fine.

Also cycles of length 1, 1.e., self-loops.

But cycles of length 2 and 4, or 3 and 6... no bueno.
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DEFINITION

A network Is strongly connected If there Is a path
from any node to any other node.



MORRIS DEGROOT
Strong connectedness and aperiodicity do the trick!




THEOREM (DEGROOT, 1974)

If the social network i1s strongly connected and aperiodic,
then, for any initial beliefs, agents converge in the limit to
the same belief.

DeGroot, M. H. (1974). Reaching a Consensus. Journal of the American Statistical Association, 69(345), 118—121.



Nice!

But what needs to happen for agents in the
DeGroot model to arrive at a consensus that
Is also correct?



THE DEGROOT MODEL WITH TRUTH

agents

time

true state
belief of agent i at{

social network

agent i's neighborhood
weight on edge from i to j

update rule

l,2,...,1
te{0,1,2,...}
e (0.1) ‘New

number between 0 and 1
drawn from a distribution with mean NEW

and finite variance above a threshold § > 0

aperiodic, strongly connected directed graph with agents as vertices,
and who-pays-attention-to-who as edges

agents that / pays attention to

number that indicates how much weight i places on j's opinion;
we assume i distributes a total weight of 1 across i's neighborhood

at time ¢t + 1 every agent updates their belief
to a weighted average over the beliefs of neighbors



BENJAMIN GOLUB
We want to speak now of wise networRs.

MATTHEW O. JACKSON
As with the Condorcet Jury Theorem, this is a limit
condition as the network grows larger and larger.

._q

ohw"'f

\ ..

Golub, B., & Jackson, M. 0. (2010). Naive Learning in Social Networks and the Wisdom of
Crowds. American Economic Journal: Microeconomics, 2(1), 112-149.



DEFINITION
We write (7,, for a network with n vertices.

A sequence G1,Go,.... G, ...0f (strongly connected and aperiodic) networks of increas-
ing size is wise If the consensus belief approaches the true state ; asymptotically, as »
goes to infinity.



BENJAMIN GOLUB
There’s a really cool way of thinking about the
consensus belief.

Golub, B., & Jackson, M. O. (2010). Naive Learning in Social Networks and the Wisdom of Crowds.
American Economic Journal: Microeconomics, 2(1), 112-149.



BENJAMIN GOLUB
There’s a really cool way of thinking about the
consensus belief.

MATTHEW O. JACKSON

The consensus belief is a linear combination of the
Initial beliefs and the eigenvector centralities of the
nodes.

Golub, B., & Jackson, M. O. (2010). Naive Learning in Social Networks and the Wisdom of Crowds.
American Economic Journal: Microeconomics, 2(1), 112-149.



The centrality of a node In a network Is a
measure of how influential that node Is.



EIGENVECTOR CENTRALITY

A node is influential iIf it is connected to an
Influential node.




EIGENVECTOR CENTRALITY

A node is influential if it Is connected to an
Influential node.

The centrality of a neighbor is proportional
to the sum of neighbors’ centralities.




EIGENVECTOR CENTRALITY

A node is influential if it Is connected to an
Influential node.

The centrality of a neighbor is proportional
to the sum of neighbors’ centralities.

Obtained by solving a system of linear
equations.




EIGENVECTOR CENTRALITY

A node is influential iIf it is connected to an
Influential node.

The centrality of a neighbor is proportional
to the sum of neighbors’ centralities.

Obtained by solving a system of linear
equations.




LARRY PAGE
Eigenvector centrality is behind PageRank.

SERGEY BRIN
That is, the original Google algorithm for ranking
webpages.




EIGENVECTOR CENTRALITY
& CONSENSUS BELIEFS

The eigenvector centralities are ¢ = (2/3, 1/6, 1/6).

Centralities indicate the importance of the nodes for
the limit consensus belief:
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THEOREM (GOLUB & JACKSON, 2010)
A sequence GGy, Gy, . ... G,,...of (strongly connected and aperiodic) networks of increas-
ing size is wise if and only if the eigenvector centrality of every agent i approaches 0
asymptotically, as n goes to infinity.

Golub, B., & Jackson, M. 0. (2010). Naive Learning in Social Networks and the Wisdom of Crowds.
American Economic Journal: Microeconomics, 2(1), 112-149.



BENJAMIN GOLUB
For a network to be wise, there can’t be a node that,
In the long run, retains positive influence.

MATTHEW O. JACKSON
As the network grows and grows, the influence of
every node should go to 0.

Golub, B., & Jackson, M. O. (2010). Naive Learning in Social Networks and the Wisdom of Crowds.
American Economic Journal: Microeconomics, 2(1), 112-149.



NETWORKS THAT ARE NOT WISE

The network grows by adding agents that listen to the central
agent 1.

The eigenvector centralities are:

“= (%’z(nln*'“’z(nlu)

Agent 1 retains a constant share of (network) influence as n
grows.

And thus decides the consensus belief.

No bueno.
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Influential nodes draw the collective
opinion towards their own opinion, rather
than the truth.



Maybe what happened with the
vegetable lamb...




ELON MUSK
Free speech is the bedrock of a functioning
democracy.

And X is the digital town square where matters vital
to the future of humanity are debated.



But iIf some voices in this square have
outsized influence, due to their position In
the network, how democratic is this really?...



